We study the construction and classification of weakly Bochnerflat (WBF) metrics (i.e., Kähler metrics with coclosed Bochner tensor) on compact complex manifolds. A Kähler metric is WBF if and only if its 'normalized' Ricci form is a hamiltonian 2-form: such 2-forms were introduced and studied in previous papers in the series. It follows that WBF Kähler metrics are extremal. We construct many new examples of WBF metrics on projective bundles and obtain a classification of compact WBF Kähler 6-manifolds, extending work by the first three authors on weakly selfdual Kähler 4-manifolds. The constructions are independent of previous papers in the series, but the classification relies on the classification of compact Kähler manifolds with a hamiltonian 2-form [3] .
Introduction 92

Introduction
A Kähler metric is said to be weakly Bochner-flat (WBF) if the Bochner tensor (a component of the curvature tensor) is coclosed. By the differential Bianchi identity, this is equivalent to an overdetermined first-order linear equation on the Ricci form ρ. Examples include Bochner-flat Kähler metrics (where the Bochner tensor is zero, see [6] for a classification) -in particular metrics of constant holomorphic sectional curvature (CHSC) -and products of Kähler-Einstein metrics (for which ρ is parallel). The equation satisfied by the Ricci form of a WBF Kähler metric means that the normalized Ricci formρ := ρ − are Poisson-commuting hamiltonians for Killing vector fields K(t) := J grad g p(t) [2] . The integer = max x∈M dim span{K(t) x : t ∈ R} is called the order of the hamiltonian 2-form (and 0 ≤ ≤ m). The order of a WBF metric is defined to be the order of its normalized Ricci form. Note that the FubiniStudy metric on CP m has order zero, but admits hamiltonian 2-forms of any order 0 ≤ ≤ m [2] .
It follows that WBF Kähler metrics are extremal in the sense of [7] . We thus have the following implications between classes of Kähler metrics:
The observation that a Kähler metric is WBF if and only if the normalized Ricci form is hamiltonian motivated us to indulge in a detailed study of the local and global theory of hamiltonian 2-forms on Kähler manifolds [2, 3] , as well as the application of this to the theory of extremal Kähler metrics [4] . For the final paper in this series, we are now returning to our initial interest in WBF Kähler metrics.
We do not wish to impose the study of hamiltonian 2-forms on the reader of this paper, so we therefore propose to make the constructions of WBF metrics herein essentially self-contained, whereas for the necessity of the form of these constructions (both as motivation and as the source of the classification results we obtain) we review in Section 2 the facts we require from the general theory. These results will allow us to classify WBF metrics on compact 6-manifolds.
The structure of the paper is as follows. In Section 2 we review the general theory of Kähler metrics with hamiltonian 2-forms [2] [3] [4] with a special attention to the case when the hamiltonian form has order = 1. We present an explicit construction of such metrics on a class of 'admissible' projective bundles of the form M = P (E 0 ⊕ E ∞ ) → S, where E 0 and E ∞ are projectively flat hermitian vector bundles over a Kähler manifold S endowed with compatible local product structure. According to [3, 4] , any Kähler manifold admitting a hamiltonian 2-form of order 1 is obtained by this construction up to a covering, and if there is no torsion in H 2 (S, O * ), we can take the covering to be trivial.
In Section 3, as a warm-up, we use Kähler-Ricci solitons [11] to study Kähler-Einstein metrics on admissible bundles M = P (E 0 ⊕ E ∞ ) → S where S is a product of positive Kähler-Einstein manifolds. We show that a Kähler-Ricci soliton exists (and is unique) if and only if M is a Fano manifold. These examples were found by Koiso [11] , and the vanishing of the Futaki invariant is necessary and sufficient for the existence of a Kähler-Einstein metric, cf. [11] .
In the remainder of the paper, we study WBF metrics in general. In Section 4 we construct many compact WBF manifolds of order 1, including all such examples in dimension 6. This leads to a classification of WBF 6-manifolds M in Section 5: they are either order 0 and generalized Kähler-Einstein, or they are order 1, and -apart from one example on P (O ⊕ O(1) ⊗ C 2 ) → CP 1 -are then projective line bundles over a ruled surface or a positive Kähler-Einstein surface. In each case the WBF Kähler metric is unique up to scale and pullback by an automorphism of (M, J). This is much richer than the classification of WBF 4-manifolds, where the only example of order 1 is the first Hirzebruch surface P (O ⊕ O(1)) → CP 1 [1] . It is natural to conjecture that all compact WBF Kähler manifolds have order 0 or 1, but such a result is out of reach using the explicit methods of this paper.
Hamiltonian 2-forms and WBF Kähler metrics
We begin by recalling the classification of compact Kähler manifolds with a hamiltonian 2-form from [2] [3] [4] , focussing on the case that the hamiltonian 2-form has order 1. The output of this classification is a self-contained Ansatz that we shall use to construct WBF Kähler metrics in Section 4, so that we only need the results of [2] [3] [4] for the classification results we obtain. We adopt the notations and conventions of [4] and refer to [4, §1 and App. A] for further information.
Classification of hamiltonian 2-forms
Let (M, g, J, ω) be a compact connected Kähler 2m-manifold with a hamiltonian 2-form φ of order . Then, according to [3] , the vector fields {K(t) : t ∈ R} described in the introduction generate an effective isometric hamiltonian action of an -torus T on M . The stable quotientŜ of M by the induced action of the complexified torus T c is covered by a product of Kähler manifolds S a indexed by the distinct constant roots of p(t), the dimension of S a being 2d a , where d a is the multiplicity of the corresponding root.
It was also shown in [3, 4] that there is a subset A of the constant roots such that M is a projective bundle, over a complex manifold S covered by a∈A S a , in such a way thatŜ is a fibre product of flat projective unitary bundles over S, indexed by the remaining constant roots. In this paper, we shall always be in a situation where the following assumption holds for these bundles. Assumption 2.1. A flat projective unitary CP r -bundle on S is of the form P (E), where E is a rank r + 1 projectively flat hermitian holomorphic vector bundle.
If S is simply connected, then any flat projective unitary CP r -bundle is trivial, hence of the form P (E) with E ∼ = E ⊗ C r+1 for a holomorphic line bundle E. In general the obstruction to the existence of E is given by a torsion element of H 2 (S, O * ) (cf. [8] ). In particular, such an E always exists if S is a Riemann surface.
It then follows, as in [4, App. A] , that by formally adjoining additional constant roots of multiplicity 0 (corresponding to CP 0 bundles over S) that we can writeŜ = P (E 0 )
Otherwise we say a blow-down occurs.
The extreme cases = 0 and = m are quite straightforward.
• If = 0, M =Ŝ = S is a local Kähler product and the hamiltonian 2-form φ is a constant linear combination of the corresponding Kähler forms.
• If = m, (M, J) is biholomorphic to CP m (andŜ = S is a point).
For the intermediate cases, there is also an explicit description, but we shall only need it in the case = 1 to which we now turn. Here it is convenient to index the constant roots byÂ = A ∪ {0, ∞} so that A can be taken as a finite subset of Z + . 
Admissible bundles and metrics
, this integrality condition means that each ω a is integral, i.e., the compact manifolds (S a , ±g a , ±ω a ) are Hodge. We write ω a = q a α a for an integer q a = 0, where α a is a primitive integral Kähler form on S a , so that q a is a nonzero integer with the same sign as (g a , ω a ), and q 0 = 1 and q ∞ = −1.
If 
We now describe the Kähler metrics which admit a hamiltonian 2-form φ of order = 1. In this case the hamiltonian torus action is just an S 1 action generated by a single hamiltonian Killing vector field K = J grad g z, and without loss, we can take the image of its momentum map z to be [−1, 1]. We denote the constant roots by −1/x a and we have that 0 < |x a | ≤ 1 with equality iff a ∈ {0, ∞}; we can take x 0 = 1 and x ∞ = −1. 
and Θ satisfies
It follows from [3, 4] that if M admits a hamiltonian 2-form of order 1 and either Assumption 2.1 holds or no blow-downs occur, then M = P (E 0 ⊕ E ∞ ) → S is an admissible bundle, and the above conditions are necessary and sufficient for the compactification of a metric of the form (2.1) on M , where z :
, θ is a connection 1-form (see [4] for more details), the S 1 action generated by K is given by scalar multiplication in E ∞ (or equivalently in E 0 ), and the local product structure in (2.1) coincides with the given local product structure onŜ = P (E 0 ) × S P (E ∞ ) → S.
We refer to a compatible metric of the form (2.1) on an admissible bundle as an admissible metric. It is straightforward (and standard) to see that the conditions (2.2) and (2.3) are sufficient for the compactification of metrics of the form, so that we can regard the above as an Ansatz for constructing Kähler metrics on admissible bundles, independently of the theory of hamiltonian 2-forms.
WBF Kähler metrics of order 0 and 1
According to the theory of hamiltonian 2-forms, a WBF Kähler manifold M of order 0 is a local Kähler product and the normalized Ricci form is a constant linear combination of the corresponding Kähler forms. It follows that M is generalized Kähler-Einstein (i.e., its universal cover is a product of Kähler-Einstein manifolds). For the necessity of these conditions when (g, J, ω) is WBF, we refer to [2] , but their sufficiency is a straightforward verification. Together with the discussion of the previous paragraph, we therefore have an Ansatz for constructing admissible WBF Kähler metrics on admissible projective bundles.
Kähler-Einstein metrics and Kähler-Ricci solitons
Recall that a Kähler-Ricci soliton on a compact complex manifold (M, J) is a compatible Kähler metric (g, ω) satisfying
where V is a real holomorphic vector field with zeros and λ is a real constant (necessarily equal to In particular, a number of uniqueness results for such metrics have been established [18, 19] , as well as existence results in the case of toric Fano manifolds [20] and certain geometrically ruled complex manifolds [11] .
We now adapt arguments from [11] to construct (admissible) Kähler-Ricci solitons on admissible projective bundles
where F and p c are as defined in Proposition 2.1 (see [2] ), (3.1) is equivalent to
Now (3.3) implies that for all a, (±g a , ±ω a ) is Kähler-Einstein and
Conversely this implies (3.3)-(3.4), the latter being just the derivative of (3.5).
where
both expressions being manifestly positive (so the base manifolds S a have positive scalar curvature). These equations allow us to rewrite (3.5) as a single equation
and (3.8) and (3.9) imply (3.5). Using (3.9), the boundary conditions (3.6) reduce to (3.10)
Hence we must solve (3.8)-(3.10) subject to 0 < |x a | < 1 and
and so we must have
Restricting the formula (3.2) for ρ to the zero and infinity sections e 0 and e ∞ , we see that these are actually necessary conditions for c 1 (M ) = [ρ/2π] to be positive.
We now observe that
solves (3.9) and (3.10) iff G(c) = 0, where
for some t 0 ∈ (−1, 1) and g(t) with g < 0 on (−1, 1). Clearly e −kt0 G(k) is a strictly decreasing function of k tending to ∓∞ as k → ±∞, so it has a unique zero c (consistent with the uniqueness of Ricci solitons). Since F has exactly one zero (namely t 0 ) in (−1, 1), F (±1) = 0 and F is positive near the endpoints, it is positive on (−1, 1). We deduce the following equivalence, essentially due to Koiso [11] .
Then the following conditions are equivalent:
• the conditions (3.11) and (3.12) are satisfied ;
• there exists a Kähler-Ricci soliton on (M, J). Our arguments and the fact that any Fano manifold is simply connected show that Theorem 3.1 gives all compact Kähler-Ricci solitons compatible with a hamiltonian 2-form of order 1 as above. We also have the following standard corollary. [4] (which is the leading coefficient if it is nonzero). Hence its vanishing is equivalent to F [ρ] having degree at most m + 1. Unfortunately, verifying this condition is not easy (it leads to a nontrivial diophantine problem); we will rediscover some Kähler-Einstein examples of [12, 13] in the next section as a byproduct of our study of WBF metrics.
In this case, the
Corollary 3.1. [11] Let M 2m = P (O ⊗ C d0+1 ⊕ L ⊗ C d∞+1 ) → S,F [ρ] (K) vanishes. The Futaki invariant F [ρ] (K) is a nonzero multiple of the coefficient of z m+2 in the extremal polynomial F [ρ] (z) as defined in
Constructions of WBF Kähler metrics
We turn now to the construction of admissible WBF Kähler metrics on admissible projective bundles. By Proposition 2.1, an admissible metric g with
withρ a linear combination of the hamiltonian 2-form φ and the Kähler form ω, precisely when the metrics g a are Kähler-Einstein and
for a polynomial Q of degree ≤ 2 with
In this case F is the extremal polynomial of the corresponding admissible Kähler class [4] and the WBF Kähler metric is Kähler-Einstein iff Q has degree ≤ 1.
Since g is, in particular, extremal, we know from [4] (and it is straightforward to check) that the positivity (2.2) and endpoint conditions (2.3) may be replaced with (4.4) is satisfied.
The general quadratic Q satisfying Q(−1) = 2(d 0 + 1) and
(and the Kähler-Einstein case is when B = 0). Equation (4.2) gives
We write B = B a for the solutions of these equations (a ∈ A), so that
.
On the other hand, given the above, then (4.4) is satisfied iff we set
Since p c (t)(1 − t 2 ) is positive on (−1, 1), this determines B uniquely, once all other quantities are known. Hence, in order to complete the construction, we must show that B = B a solves (4.7) for all a ∈ A. Multiplying by 1 − x 2 a , this means that h a = 0 for all such a, where
Our strategy for solving this problem is to use the equations {h a = 0 : a ∈ A} to determine {x a : a ∈ A} as functions of {s a : a ∈ A}. For given s a = p a /q a , we obtain a WBF Kähler metric on the corresponding projective bundle iff we can find solutions x a with 0 < |x a | < 1. We note that
Thus we do not need to check that x a are distinct: if x a = x b , we still get a WBF Kähler metric, but the hamiltonian 2-form has fewer constant roots.
Note also that we can replace the momentum coordinate z by −z: this allows us to replace s a by −s a and x a by −x a , provided we interchange d 0 and d ∞ . + 1) ; then the integrand defining h a is an odd function of t, hence h a = 0. These metrics are special cases of those of KoisoSakane [12, 13] and provide examples where the necessary and sufficient conditions of Corollary 3.1 are verified (see also Corollary 4.2 below).
WBF Kähler metrics over a Kähler-Einstein manifold
Let us consider the case when the base is a single Kähler-Einstein manifold i.e., #A = 1. In the absence of blow-downs, this case was also considered in [3] . Dropping the a subscript for this unique a ∈ A, we may assume that we have to find 0 < x < 1 such that h(x) = 0, where
(Alternatively we could assume that e.g., d 0 ≤ d ∞ , but then both x positive and x negative have to be considered.)
we may add its derivative onto the integrand to obtain
(4.10)
Using the two integral formulae for h(x), we make the following observations:
• h(1) has sign (d 0 + 1) − s; 
, it is easy to see (integrating (4.10) by parts) that there are no solutions of h(x) = 0 with 0 < x < 1.
Since h is continuous, these sign observations lead to existence results. 
• S has nonpositive scalar curvature
• S has positive scalar curvature (s > 0),
When d 0 = d ∞ = 0 and S is a positive Kähler-Einstein manifold, these existence results are sharp. In particular, when S = CP d , we obtain the following result. [7] . Since any two such subgroups are conjugate in the connected component Aut(M, J) 0 , it follows that, up to pullback by a automorphism, the WBF Kähler metrics on these manifolds must be admissible. The existence of a WBF Kähler metric in the stated cases follows from Theorem 4.1 above, so it remains to establish the nonexistence and uniqueness results.
For the case d = 1, we compute that and clearly there is a unique solution 0 < x < 1 to h(x) = 0 iff 0 < s < 1.
We now assume d ≥ 3 and compute the integral (e.g., by substitution) to get:
If x = (y − 1)/(y + 1) and
The zeros of h(x) in (0, 1) correspond to the zeros of f (y) in (1, ∞). The latter problem is more amenable to calculus, since
, where
Now P (1) = d − 2, which is positive for d > 2, while P (0) is nonpositive since s ≤ d + 1. Hence P (y) is positive in (1, ∞) unless s < 1, in which case it has a unique zero. If P (y) is positive in (1, ∞) , then so is f , hence f , f and f , because we know that f (1) = f (1) = f (1) = 0. This gives the nonexistence. Similarly, when f (y) has a unique zero in (1, ∞), so does f , which gives the required uniqueness.
Note that the proof above in the case d = 2 also gives us the following result. 
WBF Kähler metrics over a product of Kähler-Einstein manifolds
In this paragraph and the next, we consider the case that d 0 = d ∞ = 0 and #A = 2 in detail. We will assume that the base S is a global product of two Kähler Einstein manifolds S a (a = 1, 2) of dimensions 2d a > 0. We postpone a detailed discussion of the case d 1 = d 2 = 1 to the next paragraph (where we also consider the case where S is a local product). In this setting we have (up to a constant factor)
We are looking for common zeros of these functions with 0 < |x a | < 1. Let us note what we know about these functions on the boundary of this domain:
• when x 1 = 0, h 1 has the same sign as x 2 ;
• when x 1 = ±1, h 1 has the same sign as s 1 ∓ 1;
• when x 2 = 0, h 2 has the same sign as x 1 ;
• when x 2 = ±1, h 2 has the same sign as s 2 ∓ 1.
In particular, the curves h 1 = 0 and h 2 = 0 both pass through (0, 0) and we know the gradients of these curves at (0, 0),
. Furthermore, if both curves have negative gradients, dx 2 /dx 1 , at (0, 0) -that is, both curves emanate from the origin into the fourth quadrant -then we must have that d 1 > 2 and d 2 > 2. Hence the difference in the gradients, namely 2(
, is positive, so that the curve h 1 = 0 is above the curve h 2 = 0 for x 1 > 0 near (0, 0). There are two separate types of solutions to seek: those with x 1 and x 2 of opposite sign, and those with x 1 and x 2 of the same sign. Figures 1, 2 plot examples of the graphs of h 1 = 0 (solid) and h 2 = 0 (dashed) in each case.
We consider first the case of opposite signs, and without loss, we seek solutions with x 1 > 0 and x 2 < 0. Suppose now that s 1 > 1 and s 2 < −1. Then
• h 1 changes sign on any path from x 1 = 0, x 2 < 0 to x 1 = 1, x 2 ≤ 0;
• h 2 changes sign on any path from x 2 = 0,
It follows by continuity that the curves h 1 = 0 and h 2 = 0 must cross. 
Proof. Since h 1 is negative on the half-line (x 1 = 0, x 2 < 0) and positive on x 1 = 1, there is a connected component C of the curve h 1 = 0 in the square (0, 1) × [0, −1] which crosses x 2 = −1 for some x 1 ∈ (0, 1), and it either crosses x 2 = 0 for some x 1 ∈ (0, 1), or it emanates from the origin, and, within the square, is initially above the curve h 2 = 0, as in figure 1.
It follows that h 2 changes sign on C, hence vanishes by continuity and connectedness.
Let us turn now to the case that x 1 and x 2 have the same sign, so without loss, x 1 > 0 and x 2 > 0. Suppose that s 1 < 1 and s 2 < 1. Then
• h 1 changes sign on any path from x 1 = 0, x 2 > 0 to x 1 = 1, x 2 ≥ 0;
• h 2 changes sign on any path from x 2 = 0, x 1 > 0 to x 2 = 1, x 1 ≥ 0;
• the curve h 1 = 0 lies below the line x 1 = x 2 for x 1 > 0 near (0, 0), and is strictly below unless d 1 = 1;
• the curve h 2 = 0 lies above the line x 1 = x 2 for x 2 > 0 near (0, 0), and is strictly above unless d 2 = 1.
Again we see that the curves h 1 = 0 and h 2 = 0 must cross, except perhaps in the case 
Proof. As in the previous lemma, there is a connected component C of the curve h 1 = 0 in the square (0, 1) × [0, 1] which crosses x 2 = 1 for some x 1 ∈ (0, 1), and it either crosses x 2 = 0 for some x 1 ∈ (0, 1), or it emanates from the origin. In the latter case, we need to know that h 1 = 0 is initially below h 2 = 0, so that h 2 is initially positive. Since not both d 1 and d 2 equal one, this follows from the observations prior to the statement of the lemma.
Let us summarize what we have established, excluding the case 
We will see in the next paragraph that this corollary also holds for d 1 = d 2 = 1. We conjecture that all WBF Kähler metrics on P (O ⊕ O(k 1 , k 2 ) ) → CP d1 × CP d2 are given by this corollary and that the metric is unique (up to automorphism and scale) in each case. As in Theorem 4.2, extremal Kähler metrics on these manifolds are cohomogeneity one, hence of linear type, but unless d 1 = d 2 = 1 (see next paragraph) we have not been able to establish the relevant nonexistence and uniqueness results for solutions of
We note also that if 
where (g 1 , ω 1 ) and (g 2 , ω 2 ) are Fubini-Study metrics on the CP d factors with holomorphic sectional curvature 2/q, dθ = ω 1 − ω 2 and
Further, x a = 1/s a so the WBF metric is Kähler-Einstein.
WBF Kähler metrics over a ruled surface
Let us now consider the case d 1 = d 2 = 1, when the base is a product of Riemann surfaces. Thus we have
(up to a constant factor), which by integration gives
Without loss, we look for solutions to h 1 (x 1 , x 2 ) = 0 = h 2 (x 1 , x 2 ) with x 1 > x 2 and x 1 > 0. Solving h 1 = 0 for s 1 , we find that s 1 must be positive, hence s 1 = 2/q 1 for some integer q 1 ≥ 1. We then establish the following three lemmas, the proofs of which can be found in Appendix 5. 
Moreover, in this case the solution is unique and x 2 > 0.
We do not need to assume S 1 and S 2 are compact for these arguments. However, if S 1 is complete, it must be CP 1 and the product S 1 × S 2 is a (trivial) ruled surface. More generally we can suppose this is the universal cover of compact Kähler surface, which is then a geometrically ruled surface S = P (E) over a Riemann surface Σ with universal cover S 2 . It is well known that the existence of a local product metric on S is equivalent to P (E) → Σ admitting a flat projective unitary connection. This in turn, by a famous result of Narasimhan and Seshadri [14] , is equivalent to polystability of E. The above lemmas therefore imply the following result. Theorem 4.6. Let S be a Hodge 4-manifold whose universal cover is a product of constant curvature Riemann surfaces and suppose that M = P (O ⊕ L) → S has an admissible WBF Kähler metric. Then S is a geometrically ruled surface P (E) such that E → Σ is polystable. Let f , v = c 1 (V P (E)) ∈ H 2 (S, Z) denote the classes of a fibre of P (E) → Σ and of the vertical line bundle. We then have c 1 (L) = (q 1 /2)v + q 2 f where q 1 ∈ Z, and q 2 ∈ Z unless q 1 is odd and E → Σ is not spin (which may only happen when Σ has genus g > 1), in which case q 2 + 1/2 ∈ Z. Furthermore, up to replacing L by L −1 :
• if Σ = CP 1 , S = CP 1 × CP 1 and we either have q 1 = 1 and q 2 = −1, or we have q 1 , q 2 > 2;
• if Σ has genus g > 1, we either have q 1 > 2 and q 2 > q 1 (g − 1), or we have q 1 ∈ {1, 2} and 0 < q 2 < q 1 (g − 1).
Conversely, in each case there is a unique admissible WBF Kähler metric on M up to automorphism and scale.
Note that E spin means that deg E is even. Since deg(E ⊗ L) = deg E + 2 deg L, this condition (like polystability) is independent of the choice of E with S = P (E).
Proof. We have seen already that S = P (E) for E → Σ polystable. If Σ = CP 1 , E is trivial and S = CP 1 × CP 1 . If Σ = T 2 , without loss E is either O ⊕ E → Σ with deg E = 0 or the nontrivial extension of O → Σ [16] . In either case deg E = 0. Thus the non-spin case may only happen when the genus of Σ is at least 2.
Let ω CP 1 be the Kähler form of the Fubini-Study metric on CP 1 with volume one and let ω Σ be a Kähler form of a CSC Kähler metric on Σ of volume one.
Let CP 1 ×Σ → S denote the universal cover of S (soΣ covers Σ) and let π 1 : CP 1 ×Σ → CP 1 denote the projection to the first factor. Then π * 1 ω CP 1 descends to a closed (1, 1)-form on S which represents v/2, whereas f = [π * ω Σ ]. Hence we see that a local product q 1 ω CP 1 + q 2 ω Σ corresponds to a line bundle L → S with Chern class (q 1 /2)v + q 2 f ∈ H 2 (S, Z). Now we note that H 2 (S, Z) = Zh ⊕ Zf , where h ∈ H 2 (S, Z) denotes the class of the dual of the (E-dependent) tautological line bundle on S (see e.g., [9] ). Since v = 2h + (deg E)f , the integrality condition on q 1 , q 2 for the existence of L follows immediately. Now we apply Lemmas 4.3-4.5, bearing in mind that s 1 = 2/q 1 and s 2 = 2(1 − g)/q 2 .
Corollary 4.3.
There is a WBF Kähler metric (unique up to automorphism and scale) on P (O ⊕ O(q 1 , q 2 ) ) → CP 1 × CP 1 if and only if q 1 > 2 and q 2 > 2, or q 1 = 1 and q 2 = −1, the latter metric being Kähler-Einstein.
Proof. A WBF Kähler metric is in particular extremal and since extremal Kähler metrics on these manifolds are cohomogeneity one, hence admissible (up to automorphism), cf. [7] , this follows from the above theorem and Corollary 4.2.
WBF versus extremal Kähler metrics
Any WBF Kähler metric is extremal, so our results provide examples of extremal Kähler metrics in admissible Kähler classes in the sense of [4] . By the results of [4] , we then obtain N -dimensional families of such metrics near a WBF metric, where N is the number of Kähler-Einstein factors in the base. (In fact we do not need the base metrics g a to be Kähler-Einstein to get an extremal Kähler metric: it suffices in the above calculations that they are CSC and Hodge.)
Classification of WBF Kähler metrics on compact 6-manifolds
Using the theory of [3, 4] , the results of the previous section yield the following classification result for compact 6-manifolds admitting WBF Kähler metrics. 
On each manifold in (a)-(c), there is a unique WBF Kähler metric, up to automorphism and scale (and it has order 1).
Proof. In [4, Thm. 11] we proved that a compact extremal Kähler 6-manifold admitting a hamiltonian 2-form of order 2 with the extremal vector field tangent to the T c -orbits is isometric to CP 3 with a Fubini-Study metric.
On the other hand, a compact Kähler 6-manifold with a hamiltonian 2-form of order 3 is biholomorphic to CP 3 [3] , and hence, if it is extremal, it is again isometric to a Fubini-Study metric. Thus there are no compact WBF Kähler 6-manifolds of order 2 or 3. Part (i) is immediate and the existence and biholomorphic classification in part (ii) follow from Theorems 4.3, 4.4 and 4.6. It remains to prove the uniqueness claim in (ii). By Theorems 4.3, 4.4 and 4.6, and the wellknown uniqueness result of Bando-Mabuchi for Kähler-Einstein metrics [5] , it suffices to prove that any WBF Kähler metric is admissible (with the given bundle structures) up to scale and automorphism, for which, using [3] again, it is enough to show that the metric can be pulled back by an automorphism of (M, J) so that the extremal vector field J grad g Scal g becomes a nonzero multiple of the generator of the canonical S 1 -action. We now establish the uniqueness in each case.
(a) By the classification of [17] , S is biholomorphic to CP 2 , CP 1 × CP 1 or a blow-up of CP 2 at k points in general position for 3 ≤ k ≤ 8. When S = CP 2 or S = CP 1 × CP 1 , the uniqueness follows from Theorem 4.2 and Corollary 4.3, so it remains to consider the case that S is a blow-up of [4, show that M does not admit any CSC Kähler metrics. In particular, any other WBF Kähler metric g on M must have order 1 and is therefore [3] admissible with respect to some ruling of M over a Kähler-Einstein surface S with b 2 (S ) = b 2 (M ) − 1 = b 2 (S). Since g and g are both extremal, by [7] we can assume, after pulling back g by an automorphism, Being in an admissible class, its extremal vector field must be a multiple of K by [4, Prop. 6 ].
Remark 5.1. In the classification of WBF Kähler 4-manifolds obtained in [1] the normalized Ricci form also has order 0 or 1. A naive dimension counting argument [3] supports the conjecture that this feature persists in higher dimensions. We also note that the base manifolds S have Kodaira dimension −∞. In view of the examples of Theorem 4.1, this is no longer true in dimension ≥ 8.
Appendix. Proofs of Lemmas 4.3, 4.4 and 4.5
This appendix gives the proofs of Lemmas 4.3, 4.4 and 4.5. The work here is basically a calculus marathon: while the existence of solutions in the stated cases is relatively straightforward, the nonexistence and uniqueness results are much more subtle.
We are looking for common zeros of the functions
with 0 < x 1 < 1 and 0 < |x 2 | < 1 (where x 2 is negative if g 2 is negative definite and positive if g 2 is positive definite). Since the equations h 1 , h 2 = 0 are both of the form y(5 − 7x 2 + 2sx 3 ) − 5x + 10sx 2 − 5x 3 = 0 we need to analyse the graphs of the functions y = f s (x) := 5x(x 2 −2sx+1)
Since also |s a | = 2|g a − 1|/q a , where g a is the genus of the corresponding curve and q a ∈ Z + , if x a is positive and s a > 2/3 then s a ∈ {1, 2}. Thus for s > 2/3 we can restrict out attention to the case where −1 < x < 0 or s ∈ {1, 2}. We then have the following lemma. • When 0 ≤ s ≤ 2/3, C looks like where the graph is convex for x < 0, increasing everywhere, intersects the line y = −1 for some −1 < x < 0 and intersects y = 1 for some 0 < x < 1.
• When s = 1, C looks like where the graph is convex everywhere, increasing for x < 0, intersects the x-axis at x = 0 and x = 1 and intersects y = −1 for some −1 < x < 0.
• When s = 2, C looks like where the graph is convex everywhere, increasing for x < 0, intersects the x-axis at x = 0 and x = 2 − √ 3 and intersects y = −1 at x = −1/3 and x = (5 − √ 10)/3.
• When s ∈ (2/3, +∞), C restricted to −1 < x < 0 looks like where the graph is convex and increasing, and intersects y = −1 for some −1 < x < 0.
Proof. The cases s = 0, s = 1 and s = 2 are elementary and will be omitted. We first consider the graphs for −1 < x < 0. The numerator of
is strictly negative for −1 < x < 0, whereas the denominator is negative at x = −1, positive at x = 0 and strictly increasing for −1 < x < 0. We conclude that f s has precisely one asymptote −1 < a < 0 and
is positive for −1 < x < 0 and since f s (−1) = 5 > 1 the graph of f s is outside the square [−1, 1] × [−1, 1] for −1 < x < a. Thus we may restrict our attention to a < x < 0 (and f s (x) is negative in this range). Now
is negative for a < x < 0 so f s is convex for a < x < 0. Since lim x→a + f s (x) = −∞ and f s (0) = 0, C must intersect the line y = −1 for some −1 < a < x < 0.
It remains to consider 0 < x < 1 and 0 < s ≤ 2/3. The denominator of
is a third degree polynomial which is negative at x = −1, positive at x = 0, negative at x = 1 and positive for x → +∞, while the numerator is positive for 0 < x < 1. We conclude that f s has precisely one asymptote 0
is positive. For a fixed 0 < x < 1, the numerator may be viewed as a function of s and its derivative, 5x(8sx 3 − 4x 2 − 20), with respect to s is clearly negative. Since the value of the numerator of f s (x) at s = 2/3 equals It is clear from the shape of the graphs C(s) (corresponding to h 1 = 0) and their reflections in the line y = x (corresponding to h 2 = 0) that the zero-sets of h 1 and h 2 intersect in the fourth quadrant 0 < x 1 < 1, −1 < x 2 < 0 iff s 1 = 2 and s 2 = −2, and in this case they meet at a unique point x 1 = 1/2, x 2 = −1/2. Hence we may assume from now on that 0 < x 2 < 1 and s 2 ≤ 2.
Let us now recall what we know about the functions h 1 and h 2 :
• the curves h 1 = 0 and h 2 = 0 both pass through (0, 0);
• along h 1 = 0 and h 2 = 0 we have dx 2 /dx 1 = 1 at (0, 0);
• along h 1 = 0 we have d 2 x 2 /dx 2 1 = −4s 1 at (0, 0); • along h 2 = 0 we have d 2 x 2 /dx 2 1 = 4s 2 at (0, 0).
Therefore if s 2 > −s 1 the zero-set of h 2 is above the zero-set of h 1 for x 1 small and positive, while if s 2 < −s 1 it is below the zero-set of h 1 for x 1 small and positive. By Lemma 1, the zero-sets of h 2 in (0, 1) × (0, 1) look like for s 2 ≤ 0, 0 < s 2 ≤ 2/3, s 2 = 1 and s 2 = 2, respectively. For s 2 ≤ 2/3 the zero-set of h 2 is an increasing graph which meets x 1 = 1 at a point with 0 < x 2 < 1. It now follows easily that the zero-sets of h 1 and h 2 meet in at least one point (x 1 , x 2 ) ∈ (0, 1) × (0, 1) in the following cases:
• s 1 ∈ {1, 2}, s 2 < −s 1 ;
• 0 < s 1 ≤ 2/3, −s 1 < s 2 ≤ 2/3.
For the nonexistence and uniqueness results, assume that we do have a solution (x 1 , x 2 ) ∈ (0, 1) × (0, 1) for h 1 = h 2 = 0. Then from h 1 = 0, we have that M(x, 1 − x, s 1 , s 2 ) . We now observe that ∂M/∂s 2 is negative for y = 1 − x, x ∈ (0, 1) (since s We now let s 2 > −s 1 . We have seen that the zero-sets intersect in at least one point in (0, 1) × (0, 1). We want to show that they intersect in at most one point. The proof, which is harder than previously, is motivated by the observation that M(x, y, 2/3, 2/3) = Subject to these three claims, we are done.
